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Regge limit in QCD
In the Regge limit, in which the squared centre-of-mass energy s is much larger than the momentum transfer |t|, s ≫ |t|, any scattering process is dominated by the exchange in the t channel of the highest-spin particle. In the case of QCD or N = 4 Super Yang-Mills (SYM), that entails the exchange of a gluon. The Regge limit of QCD is described by the BalitskyFadin-Kuraev-Lipatov (BFKL) theory, which models strong-interaction processes with two large and disparate scales, by resumming the radiative corrections to parton-parton scattering. This is achieved at leading logarithmic (LL) accuracy, in ln(s/|t|), through the BFKL equation [1] [2] [3] [4] , i.e. an integral equation for the evolution of the t-channel gluon propagator in transverse-momentum space and Mellin moment space. The building blocks of the kernel of the BFKL equation are a real correction -the emission of a gluon along the ladder, a.k.a. the central emission vertex -and a virtual correction -the one-loop Regge trajectory [5] . The BFKL equation is then obtained by iterating the one-loop corrections to all orders in α S , at LL accuracy in ln(s/|t|), i.e. by resumming the terms of O(α n S ln n (s/|t|)). Underpinning the BFKL theory is the ladder structure in the t channel of the scattering amplitudes in the Regge limit. For example, in the case of gluon-gluon scattering in QCD, the gluon ladder is described by the 8 ⊗ 8 colour representation, which is decomposed as
where the term in curly brackets in the direct sum is even in colour space under s ↔ u exchange, while the term in square brackets is odd. However, to LL accuracy in ln(s/|t|), the parton-parton scattering amplitudes are real and only the antisymmetric octet 8 a contributes. That implies the gluon Reggeisation at LL accuracy [5] . For phenomenological purposes, the BFKL equation needs then be endowed with process-dependent impact factors, the simplest case of which are the quark or gluon impact factors [2, 6] , by which one can obtain, for example, the dijet cross section at large rapidities [7] .
The computation of the next-to-leading-logarithmic (NLL) corrections [8] [9] [10] [11] to the BFKL equation, i.e. of the terms of O(α n S ln n−1 (s/|t|)), requires computing the radiative corrections to the kernel of the BFKL equation, i.e. the real corrections to the central emission vertex -the emission of two gluons or of a quark-antiquark pair along the ladder [12] [13] [14] [15] and the one-loop corrections to the central emission vertex [16] [17] [18] [19] [20] , as well as the two-loop Regge trajectory [21] [22] [23] [24] [25] . Underpinning the BFKL theory at NLL accuracy is the fact that although the parton-parton scattering amplitudes develop an imaginary part, the BFKL equation is computed through the real part of the amplitudes, to which only the antisymmetric octet 8 a contributes, which implies the gluon Reggeisation at NLL accuracy [26, 27] .
At LL accuracy, the kernel of the BFKL equation is conformally invariant, and thus the leading-order eigenfunctions of the BFKL equation are fixed by conformal symmetry [28] . The NLL corrections [8] [9] [10] [11] to the BFKL equation were computed by acting with the nextto-leading-order (NLO) kernel of the equation on the leading-order eigenfunctions. This procedure is not consistent, and it was already clear to Fadin and Lipatov [8] that the terms which make the procedure inconsistent are related to the running of the coupling. The consistent NLO eigenfunctions were constructed by Chirilli and Kovchegov [29, 30] , who found indeed that the additional pieces which occur at NLO are proportional to the beta function. However, if the scale of the strong coupling is chosen to be the geometric mean of the transverse momenta at the ends of the ladder, then one can use the leading-order eigenfunctions instead of the NLO ones [31].
Regge limit and infrared factorisation
The backbone of the BFKL equation are the quark and gluon scattering amplitudes, which are dominated by the exchange of a gluon in the t channel. Because loop-level scattering amplitudes of massless partons are infrared divergent, and so are the impact factors, the Regge trajectory, and the central emission vertex, in which they factorise in the Regge limit, the study of the scattering amplitudes in the Regge limit has benefited from a cross breeding with infrared factorisation [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] , where the infrared structure of scattering amplitudes for massless partons is known up to three loops [43] [44] [45] [46] [47] [48] .
For example, the one-loop impact factors [16, 20, [49] [50] [51] and the two-loop Regge trajectory have poles in the dimensional regulator ε in d = 4 − 2ε dimensions, which can be understood, for the one-loop impact factors, in terms of the one-loop cusp anomalous dimension and the one-loop quark and gluon collinear anomalous dimensions [39, 40] , and for the two-loop Regge trajectory in terms of the two-loop cusp anomalous dimension [35] .
Further, we know that the picture of the Regge-pole factorisation of the amplitudes, based on the gluon Reggeisation, breaks down at two loops by N c -subleading terms [25] . The violation can be explained through infrared factorisation by showing that the real part of the amplitudes becomes non-diagonal in the t-channel-exchange basis [36, 37] . Accordingly, it can be predicted how the violation propagates to higher loops, and the three-loop prediction for the violation [39, 40] , which has NNLL accuracy, has been confirmed by the explicit computation of the three-loop four-point function of full N = 4 SYM [52] . In the Regge factorisation picture, that violation is due to a Regge cut and to the exchange of three Reggeised gluons [41, 53] . Finally, at three loops and at NNLL accuracy, also the 10 ⊕ 10 colour representation contributes to the exchange of three Reggeised gluons [41] .
The imaginary part of the amplitude is even under s ↔ u exchange. For gluon-gluon scattering, the 8 s colour representation contributes only at one loop to it through a Regge pole i.e. through the exchange of a Reggeised gluon, while more in general at NLL accuracy the 1 and the 27 representations contribute through a Regge cut and the exchange of two Reggeised gluons [42] . The imaginary part of the amplitude contributes then to the squared amplitude, and thus to the BFKL ladder, at NNLL accuracy.
Thus, although a study of the BFKL ladder and firstly of its building blocks at NNLL accuracy is yet to be undertaken -the three-loop Regge trajectory in a particular scheme [41] and the emission of three partons along the gluon ladder [54] being the only ones computed so far -we already have a clear picture of which contributions occur at NNLL accuracy.
While we have a precise knowledge of how the infrared poles occur in the loop corrections to the impact factors and to the Regge trajectory, the finite parts of those corrections are treated as free parameters, which neither infrared nor Regge factorisation can constrain. However, there is a relation [55] between the O(ε) terms of the one-loop gluon impact factor [20] and the O(ε 0 ) terms of the two-loop Regge trajectory [21] [22] [23] [24] [25] , which hints at an exponentiation of some finite parts of the amplitude in the Regge limit, and thus at more structure in infrared factorisation in the Regge limit than we currently know.
Regge limit in N = 4 SYM
In the last few years, it has been realised that the Regge limit of QCD and of N = 4 SYM, and thus the BFKL equation, are endowed with a rich mathematical structure.
In the planar limit of N = 4 SYM, scattering amplitudes exhibit a dual conformal symmetry [56] [57] [58] [59] . The dual conformal invariance is broken by infrared divergences [60, 61] , but it is possible to construct finite, dual conformally invariant ratios in which all infrared divergences cancel. As a consequence, the analytic structure of scattering amplitudes in planar N = 4 SYM is highly constrained. In particular, the four and five-point amplitudes are fixed to all loop orders by symmetries in terms of the one-loop amplitudes and the cusp anomalous dimension [61] [62] [63] . Non-trivial corrections occur for amplitudes with at least six legs [61, [64] [65] [66] [67] . The ordinary and dual conformal symmetries are also at the heart of a duality between scattering amplitudes and Wilson loops computed along a light-like polygonal contour [57] [58] [59] [60] [61] 65] .
It has been observed that the four-point amplitude is Regge exact [58, 68] , i.e. it is not modified by the Regge limit. The Regge exactness extends to the five-point amplitude [69, 70] , if computed in the multi-Regge kinematics (MRK) [5] , which features the central-emission vertex; and to the six-point amplitude [66] , if computed in the quasi-multiRegge kinematics [12] , which features the emission of two gluons along the ladder [12, 13] . In fact, Regge exactness extends in general to the n-point MHV amplitudes, if computed in the quasi-multi-Regge kinematics of the emission of (n − 4) gluons along the ladder [67] .
A lot of progress has been done in understanding the mathematical structure of amplitudes in planar N = 4 SYM. It is expected that n-point amplitudes are expressed as iterated integrals of differential one-forms [71] defined on the space of configurations of points in the three-dimensional projective space Conf N (CP 3 ) [72, 73] . The simplest instance of iterated integrals that one encounters in amplitudes of N = 4 SYM are the multiple polylogarithms (MPL) [74, 75] which correspond to iterated integrals over rational functions. It is believed that all maximally helicity violating (MHV) and next-to-MHV amplitudes in planar N = 4 SYM can be expressed in terms of MPLs of uniform transcendental weight [76] .
In the Euclidean region, where all Mandelstam invariants are negative, scattering amplitudes in planar N = 4 SYM in MRK factorise to all orders in perturbation theory into building blocks, which are the impact factor, the Regge trajectory and the central-emission vertex. The last two describe respectively the Reggeised gluons in the t-channel and the emission of gluons along the t-channel ladder formed by the Reggeised gluons. Those building blocks are determined to all orders by the four and five-point amplitudes, and hence scattering amplitudes in MRK are trivial in the Euclidean region [69, 70, [77] [78] [79] [80] . In particular, the Regge trajectory is fixed, to all orders in perturbation theory, by the cusp anomalous dimension and the gluon collinear anomalous dimension [77] .
Starting from six legs, scattering amplitudes exhibit Regge cuts, if the multi-Regge limit is taken after analytic continuation to a specific Minkowski region [70, 78] . The discontinuity across the cut is described to all orders by a dispersion relation closely related to the BFKL equation, which can be expressed in terms of single-valued functions [81, 82] . In particular, the discontinuity of the six-point amplitude [83] in MRK can be expressed in terms of singlevalued harmonic polylogarithms (SVHPL) [84] . More generally, n-point amplitudes in MRK are described by the moduli space M 0,n−2 of Riemann spheres with (n−2) marked points [85] . The algebra of iterated integrals on M 0,n factors in such a way that the iterated integrals on M 0,n can always be expressed in terms of MPLs [75] and rational functions with singularities when two marked points coincide. The discontinuity of the n-point amplitude in MRK is parametrised by (n − 5) conformally invariant ratios. In the soft limit of any of the transverse momenta of the gluons emitted along the ladder, one of the (n − 5) ratios vanishes, and thus two marked points on the Riemann sphere coincide [85] . However, the transverse momenta of the ladder gluons never vanish. This requirement constrains the iterated integrals that can appear in MRK to single-valued functions, i.e. linear combinations of products of iterated integrals on M 0,n (and their complex conjugates) such that all branch cuts cancel, which are single-valued [84, 86, 87] multiple polylogarithms (SVMPL). The statements of Ref. [85] , which were made at LL accuracy, can be generalised at NLL accuracy and beyond [88] .
The Regge limit in N = 4 SYM meets the Regge limit in QCD
Underpinning the analysis of the n-point amplitudes in planar N = 4 SYM in MRK, is Lipatov's picture [89] of a BFKL-like dispersion relation, which describes the discontinuity in terms of the Hamiltonian of an integrable open Heisenberg spin chain [90, 91] . Previously, Lipatov had characterised the BFKL equation, and more in general the exchange of a ladder of n Reggeised gluons in a singlet configuration in QCD at large N c , in terms of the Hamiltonian [90, 92, 93] of a closed spin chain. It should come then as no surprise that, just like the six-point amplitude of N = 4 SYM in MRK [83] , also the analytic structure of the BFKL ladder at LL accuracy in QCD can be described in terms of single-valued iterated integrals on the moduli space M 0,4 of Riemann spheres with four marked points, which are SVHPLs [94] . In this case, the single-valuedness can be traced back to the fact that neither of the momenta at the ends of the gluon ladder can vanish. That analysis can be extended at NLL accuracy to the BFKL ladder in QCD, as well as in full N = 4 SYM [31] , however it requires a generalisation of the SVHPLs, recently introduced by Schnetz [95] . The control of the analytic structure of the BFKL ladder in QCD at NLL accuracy, and the freedom in defining its matter content, let us prove that there is no gauge theory of uniform and maximal transcendental weight such that in momentum space it matches the maximal weight part of QCD, and to identify a set of conditions which allowed us to constrain the field content of theories for which the BFKL ladder has maximal weight [31] .
